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Abstract The moment of order submission plays an important role for the
trading outcome in a Continuous Double Auction; submitting an offer at the
beginning of the trading period may yield a lower profit as the trade is likely to
be settled at the own offered price, whereas late offers result in a lower probability of trading. This timing problem makes the order submission strategy
more difficult. We extend the behavioural model of Individual Evolutionary
Learning to incorporate the timing problem and study the limiting distribution
of submission moments and the resulting offer function that maps submission
moments to offers. We find that traders submit different offers at different submission moments whose distribution is uni-modal with a peak moving from
late to early as the market size increases. This behaviour exacerbates efficiency loss from learning. If traders evaluate profitability of their strategies
over longer history, orders are submitted later with the same effect of market
size.
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1 Introduction
Most of the automated trading systems of modern financial markets are operated under the Continuous Double Auction protocol. This protocol allows
asynchronous trading when the unexecuted orders are stored in an order book.
The moment of order submission may affect both profitability of trade and aggregate properties of the market such as price volatility even in the absence of
information concerns. A trader who decided which limit order to submit faces
the following timing trade-off. Offers submitted at the beginning of the trading
period tend to be stored in the book, and hence are executed at the submitted
price. Submitting early thus forsakes the possibility of getting a higher profit.
On the other hand, offers submitted at the very end of the trading period
may not be executed at all. Submitting late may thus result in getting zero
profit. This timing problem is intertwined with the basic issue of choosing the
optimal order strategy, making the strategical problem of order submission
multi-dimensional.
Despite the importance of the timing problem, in many agent-based models of order-driven financial markets traders submit their orders at random
moments during a trading period.1 This assumption simplifies the traders’ behaviour, as they are then left with a one-dimensional decision, such as choosing
a bid or ask price (as in LiCalzi and Pellizzari, 2006, 2007) or forecasting a
future price and condition its offer on this forecast (as in Chiarella and Iori,
2002; Yamamoto and LeBaron, 2010). On the other hand, it is plausible that
if traders are allowed to submit their orders at preferred moments during
the trading session, their other decisions will change, as traders may condition their bids and asks or expectations on the moment of submission. Thus
multi-dimensionality of the problem of order submission translates into multidimensionality of learning where learning both about the order and about the
timing of submission is important.
In this paper we contribute to the growing literature on agent-based modeling of financial market by studying the issue of timing of order submission
in the markets organised as Continuous Double Auction. In our model traders
learn about which offers to submit and also about when to submit them during
the trading session. To model this behaviour, we extend the Individual Evolutionary Learning (IEL) algorithm which was introduced by Jasmina Arifovic
and John Ledyard in 2003 and published as Arifovic and Ledyard (2011). The
IEL is studied in Arifovic and Ledyard (2007) and Anufriev et al. (2013) in
the context of financial markets for call markets and CDA, respectively.2 The
IEL algorithm assumes that traders select their active strategies from a pool
1 Agent-based methodology avoids making an extreme assumption of full rationality and
models traders as boundedly rational who learn from the past. The approach is appropriate,
given complexity of the order-drive markets, see a review in Chakraborti et al. (2011).
2 Anufriev et al. (2013) focussed on studying market allocative and informational efficiency
by comparing full and no information about the history of orders, and comparing the IELalgorithm with zero intelligent behaviour (see Gode and Sunder, 1993, 1997). This paper
extends Anufriev et al. (2013) by considering learning about the moment of order submission
(in the full information case).
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of potential strategies. After a trading period the hypothetical payoffs of all
strategies are calculated using the past information and some strategies are
replaced with randomly modified strategies having higher hypothetical payoffs. Adopting the IEL-algorithm to incorporate the decision about timing,
we study the distribution of preferred submission moments, the interrelation
between these moments and the submitted orders, and also the impact of the
size of the market on the timing of submission and the offers of traders. Our
simulations show that the distribution of the submission moments highly depends on the size of the market as well as on the length of the memory used
to evaluate hypothetical payoffs.
The distribution of submission moments is studied in a benchmark symmetric environment under full information about trading history. We find that
under the IEL-algorithm investors learn to submit their orders in various moments of the trading session. The distribution of submission moments is unimodal and its peak moves to the earlier moments as the market size increases.
At the same time, traders arriving earlier make more aggressive offers (lower
bids, higher asks) than later during the session. Extending the IEL-algorithm
by allowing to evaluate strategies over multiple past periods affects the distribution of submission moments, shifting its peak to the later moments, which
on average results in the higher profits of traders. We also discuss an effect
of learning about timing on market allocative efficiency and price volatility
comparing it with the setup in Anufriev et al. (2013) where traders submit
orders at random moments.
An important feature of IEL is that it is a backward-looking learning algorithm. This approach should be contrasted with the standard economic approach of full rationality where optimising agents make their decisions and use
all information rationally. However, also in the fully (or almost fully) rational setting the timing is often random, see the survey of Parlour and Seppi
(2008). In Friedman (1991) traders can submit orders at any moment in time
and can also improve their outstanding orders. Traders regard other’s orders
as random, update their beliefs about the order distribution using Bayes’ formula and submit orders on the basis of their updated distribution. Under
these assumptions their model predicts the occurrence and nature of the next
transaction. In Roşu (2009) traders do not choose a submission moment, but
these are modelled to follow a Poisson stochastic process. At the submission
moment the order is determined from a trade-off between opportunity cost
and future profit. Whereas implications of rationality on the timing problem
are important and interesting, we stick here to the behavioural approach for
several reasons. First, numerous experimental studies show that people have
difficulty to behave rationally even in the most simple environments. Nevertheless, when the task is replicated in a fixed environment, agents still tend to
reach a reasonable behaviour with good welfare consequences. Thus, to study
realistic market outcomes one may not need to make extreme and unrealistic
assumptions. Second, rational models are naturally restricted in their scope.
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Consequently many agent-based studies appeared recently3 , whereas many
researchers call for more studies, e.g., Dawid (1999b), LeBaron (2001), Lux
(2009), Hommes (2013).
The organisation of this paper is as follows. The market environment and
the Individual Evolutionary Learning algorithm are described in Sections 2
and 3, respectively. The distribution of the preferred moment of submitting,
its relation to the bids and asks, and market efficiency are studied in Section 4 for an environment where the buyers and sellers occupy a symmetric
position in the market. The impact of the size of the market is considered in
Section 5. In Section 6 the IEL-algorithm is extended to multi-period learning.
Section 7 concludes. The Appendix is devoted to the analysis of an asymmetric
environment.

2 Market setup
In this paper we study the market organised as a Continuous Double Auction
(CDA) where traders can submit only limit orders and where the unexecuted
orders are stored in an order book to be executed later according to the pricetime priority. Each trader has to make two decisions simultaneously: about the
time of order submission and the submitted offer. To evaluate efficiency of the
CDA markets, we will first introduce the Competitive Equilibrium outcome
as a benchmark.

2.1 The environments and competitive equilibrium
Each environment is determined by a set of B buyers and a set of S sellers
with their valuations and costs. In each trading period each buyer would like to
consume one unit of the good and each seller can deliver one unit of the good.
Buyer b ∈ {1, . . . , B} has a fixed valuation Vb ≥ 0 and seller s ∈ {1, . . . , S}
has fixed costs Cs ≥ 0 that need to be incurred only in case of a transaction.
Agents know their own valuation or cost, but not the values of the other agents.
We denote the environments by vectors of valuations and costs.4 When buyer
b transacts with seller s at price p, the buyer’s payoff is Vb − p, and the seller’s
payoff is p − Cs . The sum of all traders’ payoffs defines the trade surplus.
Given the valuations and costs, the aggregate demand and supply functions
can be determined in a standard way. The competitive equilibrium (CE) is a
pair (q ∗ , p∗ ), where the quantity q ∗ is the largest possible quantity that clears
the market and the price p∗ is such that both demand and supply at this price
are q ∗ . There might be an interval of equilibrium prices [p∗L , p∗H ], i.e., multiple
3 See, in particular, Dawid (1999a), Bottazzi et al. (2005), Chiarella and Iori (2009),
Anufriev and Panchenko (2009), Fano et al. (2013), Ladley and Pellizzari (2014), Chiarella
et al. (2014) and Leal et al. (2015).
4 For instance, {[1, 1], [0, 0.1, 0.2]} denotes an environment with two buyers having identical valuations 1 and 1 and three sellers with costs 0, 0.1 and 0.2.
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Fig. 1 The demand and supply functions of the main environments used in the paper, the
benchmark environment with 5 buyers and 5 sellers, and the GS-environment with 5 buyers
and β = 0.5

CE. The traders who trade in the CE are called intramarginal traders, and
those who do not trade in the CE (and hence have zero payoff) are called
extramarginal traders.
easy to see that in all CEs the trade surplus is the
P It isP
same and equal to b Vb − s Cs , where both sums are over the intramarginal
traders. The trade surplus under CE is the largest possible trade surplus under
voluntary trade.
In this paper we will use the following two environments (see illustrations in
Fig. 1). In the main body of the paper we will analyze a symmetric environment
{[1, . . . , 1], [0, . . . , 0]} with B = S identical buyers and identical sellers. The
CEs are given by q ∗ = B = S and p∗ ∈ [0, 1] and all traders are intramarginal.
This environment is simple, it does not have a competition with extramarginal
traders, and for this reason is well suited to introduce timing into the model. In
Appendix we investigate the affects of market asymmetry, when we discuss the
so-called GS-environment5 {[1, β, ..., β], [0]}, in which one buyer has valuation
1, B − 1 buyers have valuations β < 1, and one seller has cost 0. The CEs are
given by q ∗ = 1 and p∗ ∈ [β, 1]; in all CEs the only seller and the buyer with
valuation 1 are intramarginal, whereas all other buyers are extramarginal.

2.2 Continuous Double Auction
A Continuous Double Auction model is often used to describe the asynchronous trading mechanism of stock exchanges. During trading period t ∈
{1, . . . , T }, buyers and sellers arrive at their preferred moment and immediately submit their order. The bid of buyer b and the ask of seller s in trading
period t are denoted as bb,t and as,t , respectively.
5 This environment was studied in Gode and Sunder (1997) for the Zero-Intelligent traders
and in Anufriev et al. (2013) for the traders using IEL for the order submission.
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We discretise a trading period and split it into the submission moments
{0, 1, . . . , M } when the traders can arrive to submit their orders. The set
of submission moments of all traders determines the order in which traders
arrive. When all traders nominate different submission moments, their order
of submission is established in a natural way: the trader with the smallest
submission moment arrives first, the next order will be from the trader with
the second smallest submission moment, and so on. It might happen, however,
that a group of two or more traders decides to submit their orders at the
same submission moment. Moreover, there might be several such groups, each
with an identical submission moment for all traders of the same group. In
this case, first, the submission order of the groups is determined by sorting
their submission moments, and then the orders of the traders from the same
group are arranged in a random order, uniformly over all possible queues.6
In simulations we set M sufficiently large to prevent congestion effects due to
possible preference of traders to submit their orders in the same submission
moment and, consequently, to avoid a large random component in the sequence
of submission.7
The submission moments of buyers and sellers in period t are denoted as
nb,t and ns,t , respectively. We assume the price-time priority rule for the order
book. Thus, when a submitted order can be matched with the best order from
the book, the transaction takes place at the price of the order stored in the
book. If the arriving order cannot be matched, it is stored in the book. At the
end of the trading period the order book with unmatched orders is cleared.
Finally, to focus on learning of traders about their timing of order submission,
we assume that no order can be cancelled.
Given the set of submission moments and offers from all the traders, the
rules of the CDA determine all transactions during period t. Traders payoffs,
as defined in Section 2.1, depend on the own valuation or cost and also on
the transaction price. As opposed to the benchmark case of the competitive
equilibrium, under CDA different traders will generally transact at different
prices. Let pb,t denote the transaction price of buyer b in period t. It follows
that the payoff of a buyer during the trading session equals to Ub,t = Vb − pb,t
if he traded, and zero otherwise. Similarly the payoff of a seller equals Us,t =
ps,t − Cs if she traded at price ps,t , and zero otherwise. Transaction prices
are determined by the CDA mechanism and, obviously, depend on the trading
sequence. Therefore also the trader’s payoff depends not only on the own
valuation or cost and the offer, but also on the moment of arrival.
Summing all trader’s payoffs we can compute the trade surplus of period t.
The allocative efficiency of CDA during period t is defined as the ratio of this
trade surplus to the maximum possible trade surplus for the same environment,
i.e., to the trade surplus under competitive equilibrium.
6 For example, if six traders choose submission moments 13, 4, 13, 46, 46 and 13, then
the second trader arrives first, traders 1, 3 and 6 arrive next in a random order, and, finally,
traders 4 and 5 arrive in a random order.
7 In particular, M  B + S. In benchmark simulations, when B = S = 5, we choose
M = 100.
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3 Individual Evolutionary Learning algorithm
In this paper we study the limiting outcome of repeated trading by the boundedly rational agents who learn (between the trading periods) both an offer
to be submitted and also the moment when this offer should be submitted.
Traders learn their strategies by the Individual Evolutionary Learning (IEL)
algorithm. Under IEL, every agent has a finite memory allowing them to carry
over only a limited number of potential strategies. The probabilistic choice of
one active strategy from the set of potential strategies is based on the past
hypothetical performances of strategies, i.e., performances that the strategy
would have had in the past assuming the same market conditions (e.g., the
same behaviour of other market participants). As opposed to other similar
models8 , the IEL can be applied to environments with a large strategy space.
In this respect, the IEL is similar to the Genetic Algorithms (see, e.g., Arifovic,
1994 and Dawid, 1999b) but has simpler and more intuitive interpretation.
We start with generalising the algorithm to handle multi-dimensional learning. Under the IEL, at each trading session t, every agent chooses an active
strategy from the pool of potential strategies. In our case, every strategy is
a pair of numbers specifying an offer to be submitted and a submission moment during the trading session when this submission should be made. At the
beginning of the trading period the active strategy is selected from the pool
with a probability increasing in its expected payoff, which is computed as the
hypothetical payoff that this strategy would have had in the past.9 Agents
compute the hypothetical payoffs of the strategies using all information available to them. We assume that past offers and the submission moments of all
traders are publicly available, which is the case nowadays for most of the stock
exchanges. Therefore, each agent can determine exactly what his or her payoff
would have been for each possible strategy in the previous periods, assuming
no changes in the behaviour of other agents. Between the trading periods,
the pool of strategies evolves. First, every strategy might mutate with a small
probability allowing for some sort of experimentation. Second, some strategies
in the pool are replaced with their positions filled by strategies with higher
hypothetical payoffs.
Individual pool of strategies, mutation and replication
At period t every trader has an individual pool of strategies of size K. Buyer b
has the set Bb,t of K pairs of bids and submission moments Bb,t = {(b, n)i }K
i=1 .
Seller s has the set As,t of K pairs of asks and submission moments As,t =
{(a, n)j }K
j=1 . To form the initial pools, we draw the offers and the submission moments independently for every trader. The bids are drawn from a
uniform distribution on [0, Vb ], the asks are drawn from a uniform distribu8 Among closely related learning models we mention the model of reinforcement learning
(Erev and Roth, 1998), the Experience-Weighted Attraction learning model (Camerer and
Ho, 1999) and the Heuristic Switching Model (Anufriev and Hommes, 2012).
9 For the previously active strategy this payoff is the actual payoff of that strategy.
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tion on [Cs , 1], and the submission moments are drawn uniformly from the set
{0, 1, . . . , M }.
After every trading period the pool can be changed as a result of two
operations. First, mutation takes place. For every strategy in the pool, each of
the two parts mutates independently with a fixed small probability ρ. Given
that a part of the strategy mutates, a normally distributed variable with mean
zero is added to that part. The variance of the random variable depends on
which part of the strategy mutates. The mutated submission moment is then
rounded to the nearest integer. If the mutated strategy lies outside the strategy
space, the previous mutation is discarded and a new normally distributed
variable is drawn.
After some strategies in the old pool have possibly mutated, whereas others
remained intact, the replication stage takes place during which the new pool is
formed. For this purpose, the foregone payoffs are calculated (as explained below) for all strategies that are currently in the pool, while taking the behaviour
of all other traders from trading period t constant. Replication consists of a
comparison of two strategies randomly selected from the old pool and placing
the strategy with the highest hypothetical payoff in the new pool of strategies.
For every agent this procedure is independently repeated K times to fill the
entire pool. This new pool, denoted as Bb,t+1 for buyer b and As,t+1 for seller
s, will be used in trading period t + 1.
Hypothetical foregone payoff functions
The hypothetical foregone payoff functions correspond to the preference of
traders imposed in the model. In general, for buyer b and strategy (b, n), it is
given by

 Vb − pb,t (b, n), if strategy (b, n) would result in a trade
at price pb,t (b, n)
Ub,t (b, n) =

0,
otherwise.
Similarly, for seller s and strategy (a, n), it is given by

 ps,t (a, n) − Cs , if strategy (a, n) would result in a trade
at price ps,t (a, n)
Us,t (a, n) =

0,
otherwise.
However, to apply these formulas, one should make specific assumptions about
whether the given strategy resulted in a transaction and at which price. First
of all, we will assume that the entire order book of the last period is publicly
available, so that agents know the orders submitted by the others. Moreover,
we assume that the submission moments of all traders in the last period are
publicly available.10 When the submission moments are available, every agent
can simply simulate the whole trading session for every own (hypothetical)
strategy, assuming that all other traders use the same strategies as in the
10 The case of publicly available order book is referred to as the OpenBook system in
Anufriev et al. (2013).
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previous period. Recall from Section 2.2 that in the cases when at least two
traders have equal submission moments, the mechanism will choose one of
several possible submission sequences randomly. We assume that the traders
know it and, consequently, compute their foregone payoffs making corresponding expectations of the expressions given in the formula above.
To illustrate this with an example, let us compute the hypothetical foregone payoffs for the buyer in the market with only two traders, where the seller
used strategy (as,t , nst ) in the previous period. Strategy (b, n) will result in
zero payoff if b < as,t for every n. On the other hand, when b > as,t , the payoff
of the strategy will be Vb − as,t , in the case when n > ns,t (because then the
transacted price is the seller’s early submission price); Vb − b, in the case when
n < ns,t (because then the transacted price is the buyer’s early submission
price); and 21 (Vb − as,t ) + 12 (Vb − b), in the case when n = ns,t (because then
both arriving orders of traders occur with equal probability).
Selection of an active strategy from the pool
In the first period every strategy from the pool is equally likely to be chosen. In
the later stages, when the hypothetical foregone payoffs are known, the active
strategy is selected with probability proportional to this payoff. For example,
for buyer b the probability of selecting strategy (b, n)i to be used in period
t + 1 is given by


Ub,t (b, n)i

πb,t+1 (b, n)i = PK

k=1



Ub,t (b, n)k

.

The Individual Evolutionary Learning algorithm depends on some parameters,
such as the size of the individual pools, the probability and the distribution of
mutation and the replication rate. We will now discuss the values of these parameters used in the simulations, as well as the characteristics used to describe
the overall outcome in a trading period.

3.1 Methodology of simulations
In the remaining part of the paper we simulate our learning model. Most of the
parameters of the Individual Evolutionary Learning algorithm are the same
as used in Arifovic and Ledyard (2007). Compared to their paper, we solely
increase the size of the pool of strategies, since traders are now required to
make a multi-dimensional decision. Every trader is given an individual pool
of strategies of size K = 300. A part of a strategy mutates with a probability
of ρ = 0.033. In the case that the offer mutates, a normally distributed term
with mean 0 and a standard deviation of 0.1 is added to the offer.11 In the
case that the submission moment mutates, a normally distributed term with
mean 0 and a standard deviation of 10 is added to the submission moment
11

Anufriev et al. (2013) used uniform mutation for the offers mutation.
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and the result is rounded to the nearest integer. If the resulted strategy lies
outside the strategy space, we repeat the procedure for that strategy.
First, we are interested in the outcome of learning regarding the submission moments. We observe that the traders face the timing trade-off between a
higher probability to trade (which would imply earlier submission) and higher
realised profit from a trade (which would imply later submission). We investigate the outcome for this trade-off that emerges from learning. Second, we
study the allocative efficiency of CDA, which is defined in Section 2.2 as the
ratio between the trade surplus in a given period and the maximal possible
trade surplus. If all intramarginal buyers and sellers trade during a period and
no extramarginal trader trades, the allocative value is maximal, and the allocative efficiency is equal to 1. Efficiency can be lower when an extramarginal
agent trades, or when an intramarginal agent does not trade. Third, we look
at the price volatility and the number of transactions. All these characteristics
are considered per trading period as well as per possible submission moment
and are compared with the one-dimensional model.
All the averages are calculated over 3000 random seeds and over ten trading
periods 41 − 50. Simulations in the benchmark environment with 5 buyers
and 5 sellers show that already after about twenty initial periods the market
becomes more or less stable and the offers and average price only fluctuate
within a certain range, mainly due to mutation. We denote this behaviour as
an equilibrium. There the offers of intramarginals are close to the equilibrium
price range and the agents choose the time to submit that showed to perform
the best given these offers. The transitory periods that we skip reflect the
randomness due to initialisation. But a general feature of the IEL algorithm is
to evolve and converge very fast. We check that the distribution of submission
moments is stable after 40 periods by conducting a two-sample KolmogorovSmirnov test on the submission distribution for the periods between 41 and
50. It turns out that during these periods the distribution solely fluctuates
randomly, resulting in a insignificant change when comparing periods 41 and
50, with a test statistic equal to D = 0.101.

4 Symmetric environment
We consider simulations of the environment with the following valuations and
costs: {[1, 1, 1, 1, 1], [0, 0, 0, 0, 0]}. In this environment all buyers and all sellers
are identical, and the market is symmetric. The left panel of Fig. 2 shows
the distribution of the submission moments.12 Despite small variations, it is
clear that there is no significant difference between the behaviour of buyers and
sellers. The right panel of Fig. 2 shows how the offers depend on the submission
12 As it can be expected in the environment with identical buyers, the distributions for all
five buyers turned out to be very similar. Thus, we show only the averaged distribution and
not all five different distributions. The same remark holds for the sellers.
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Fig. 2 Distribution of the submission moments (left) and offers (bids and asks) as functions
of the submission moment (right) in the environment {[1, 1, 1, 1, 1], [0, 0, 0, 0, 0]} under IEL.
The average buyer’s behaviour is shown by the solid line and the seller’s behaviour by the
dashed line

moments.13 We observe that the resulting offer functions are symmetric and
the offers are more conservative the later they are submitted.
This result can be considered in the following context. Any individual
trader with a given offer to submit faces the timing trade-off. Submitting the
same offer earlier increases the probability that a trade will occur, as otherwise an offer from a potential counter-party could have been matched with
some other offer. On the other hand, conditional on the fact that trade occurs, trader would prefer to submit the same offer later to trade at a more
favourable price of earlier submissions.14
The traders’ emerging behaviour, illustrated in Fig. 2, reflects how this
trade-off is resolved by the IEL. Agents desire to submit their orders in the
middle part of the trading period, but they also condition the offer on the
submission moment. Agents that submit early are rather aggressive, in the
sense that their offers are relatively far from their valuation or cost, so that they
would receive a high profit if they trade, but at the cost of a low probability to
trade. Agents that submit late are very conservative, and get a very low profit
if the trade occurs at their own submitted price. Their conservative submission
behaviour compensates the low probability of trade existing at the end of the
trading period.
13 In the right part of this and similar figures, we show the buyers’ valuations as stars and
the sellers’ costs as circles.
14 As an example, consider first the market with two traders, one buyer with valuation 1
and one seller with cost 0. Let their submitted offers be b1 = 0.6 and a1 = 0.1, respectively, so
that transaction will occur. If the buyer submitted his order before the seller, the transaction
price equals the buyer’s bid, pb,t = ps,t = 0.6. If the buyer submitted his order after the
seller, the transaction price equal to the ask of the seller, pb,t = ps,t = 0.1. The buyer has
a higher profit (0.9 against 0.4) in the case of submitting late. Continue the example and
now add another buyer and another seller with offers b2 = 0.4 and a2 = 0.9, respectively.
The first buyer will not trade at all and get profit 0 by submitting too late (after the first
seller and the second buyer).
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We find a positive correlation between bids and submission moments and
negative correlation between asks and submission moments. It implies that
the bids’ markdowns relative to the buyers’ valuations and the asks’ markups
relative to the sellers’ costs are changing during a trading period.15 This finding
is common across various environments and hence we formulate it in general.
Result 1 Under IEL the intramarginal buyers (resp. sellers) learn to use the
markdown (resp. markup) strategies that depend on the submission moment in
a monotonic way. Namely, the later an offer is being submitted, the less aggressive this offer is, in the sense that it has a lower markdown (resp. markup).
Conditional on the submission moment within the period, the markdown
strategies of buyers and markup strategies of sellers are identical, which is
a feature of this symmetric environment. The offer functions are non-linear.
Indeed, the traders are very aggressive in the beginning of the trading period,
by bidding for a larger part of the total surplus. However, their markdowns
and markups decrease fast and already after about one-fifth of the trading
period, the traders are ready to accept less than half of the surplus. Then
the mark-up does not decrease as fast, except for the very end of the trading
period, when the traders are so impatient to trade that they are even ready
to give up 75% of their surplus to the other party.16
The learning approach is often used to select one equilibrium from many,
see, e.g., Conlisk (1996). In the context of CDA the issue of multiple equilibria
is very relevant and becomes even stronger when the traders can choose submission moments.17 It is therefore remarkable that in all our simulations of
this market, we get an almost identical distribution of the submission moment
and offer functions. Therefore, our simulations suggest that IEL has a unique
and stable equilibrium, the one which is illustrated in Fig. 2.
The distribution of the submission moments is bell-shaped in this equilibrium with a small peak at the right tail. An interesting question is then
how well this distribution consistent is with profit maximisation. We address
this question by looking at how, in this equilibrium, various characteristics
depend on the submission moment; see Fig. 3. As before, the curves for different traders were similar, and we display only the averages over all the buyers
(solid line) and over all the sellers (dashed line). The top left panel shows the
average profit per transaction conditional on the fact that such transaction
did take place (hence, the instances when a trader submitted an offer but did
not trade are excluded). The top right panel shows the probability of trading,
defined as the number of trades divided by the number of submissions. The
bottom left panel shows the average profit over all the instances in which an
15 Markdown is the amount by which bid is lower than the buyer’s valuation or the amount
by which ask is higher than the seller’s cost. Various markdown and markup strategies have
been studied recently in Zhan and Friedman (2007) and in Cervone et al. (2009).
16 Note that this does not necessarily mean that such a low profit is achieved, as the offer
will often be matched with an outstanding offer for a higher profit.
17 For instance, in this environment none of the traders could improve the payoff under
the strategy profile with any distribution of submission moments and where all buyers and
sellers submit an arbitrary (but identical) offer p ∈ [0, 1]. All such profiles are equilibria.
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Fig. 3 Characteristics of the environment {[1, 1, 1, 1, 1], [0, 0, 0, 0, 0]} per possible submission
moment. The average buyer’s behaviour is shown by the solid line and the seller’s behaviour
by the dashed line

offer was submitted at a given moment. Finally, the bottom right panel shows
the standard deviation of transaction prices for every submitting moment.
The average profit per transaction is decreasing and the probability of
trading is increasing with the submission period. Early submitting traders
submit aggressive offers, bidding below or asking above the middle of the
interval of equilibrium prices (1/2). This behaviour will relatively often not
result in a trade, but if a trade occurs this will yield a relatively high profit.
The average profit per trade is rather constant for all late submissions, because
the trade often occurs at the price of the offer submitted previously and hence
the own offer only rarely affects the profit. The product of the first curve (the
top left panel of Fig. 3), which is decreasing, with the second curve (the top
right panel of Fig. 3), which is increasing, results in the curve for the average
profit (the bottom left panel of Fig. 3). Interestingly, this curve has a U-shape,
indicating that submitting in the middle of the trading session would actually
result in a low average profit. This reflects our next finding:
Result 2 The Individual Evolutionary Learning algorithm is not consistent
with maximisation of the profit in the sense that the submission moments
dominating in equilibrium do not bring the highest average profit.
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This result is especially remarkable, as it cannot be explained directly by
concerns about risk. First, the traders do not care about risk in their motives.
Second, there is no large difference in terms of uncertainty for the price of
the transaction with the submission moment (see the bottom right panel of
Fig. 3).
Result 2 may sound counter-intuitive, but it is not uncommon to find that
traders learning individually with no access to the profile of average profit
do not end up as a group in the point with the highest expected payoff. In
our case, the IEL algorithm selects those strategies that perform best given
the others’ past behaviour by filtering away the strategies that would bring
lower profit. Hence strategies that more often yield the lowest profit are more
likely to be removed from the strategy pool, even if they yield the highest
average profit. In Section 6 we show the differences that would occur in the
same model with a multi-period IEL model (i.e., with a longer past memory
to evaluate performances of the strategies). Furthermore, in our model with
multi-dimension learning, it might be that the strategy should mutate both in
the submission moment and in the offer at the same time. The probability of
such event is very small and in particular it occurs less often than strategies
are replaced.18
The last question which we address in this environment is about efficiency
of the equilibrium that the IEL finds. In Table 1 we compute the allocative
efficiency (see Section 3.1) and the information efficiency (i.e., the price volatility) for our model. As in this environment there are no extramarginal traders,
the surplus can be lower than the maximum only when some traders did not
trade. Thus, we also report the total number of transactions. We compare the
two-dimensional learning model analysed in this paper (the second column)
with the one-dimensional model of Anufriev et al. (2013) where timing is random and traders learn only the offers (the third column).19 We found that
when traders start to learn the timing of their decisions, the average efficiency
18 It is hard to analyse the multi-dimensional learning algorithm analytically. To have a
feeling why the submissions at the moments when the average (and, hence, expected) profit
is at minimum are frequent, consider the following calculations, performed by looking at
the different panels of Fig. 3 and to the offer functions of Fig. 2. A trader submitting at
n ≈ 25 trades with probability around 0.8 and does not trade with probability around
0.2. In the former case, profit may increase only for those mutations that result in an
earlier submission, which probability is less than half of 0.033. But if the offer part of the
strategy did not mutate (probability of such event is 1 − 0.033 = 0.967), this offer will
not be aggressive, will not lead to payoff-improvement, and, hence, will not be selected
at the replication stage. In the latter case (of no trade), only mutations in submission
moment leading to later submissions can be selected, but if the offer part is not mutated,
the offer may turn out to be too aggressive to trade. Even after such events, not every
offer mutation will be selected, but in any case the probability of profitable mutation is less
than 0.8 × 0.033 × 0.5 × 0.033 + 0.2 × 0.033 × 0.033 ≈ 0.0007. This shows that the IEL
mechanism will result in mutation to a strategy that yields a higher average profit with very
low probability.
19 For the sake of comparison we simulate the model from Anufriev et al. (2013) with
parameters of the IEL algorithm used in this paper. The results are not very different from
those reported in the original paper.
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Efficiency
Price volatility
Number of transactions

With timing
0.8567
(0.0171)
0.0208
(0.0101)
4.2837
(0.0861)

15

Without timing
0.8930
(0.0046)
0.0191
(0.0080)
4.4649
(0.0232)

Table 1 Averages of different characteristics over periods 41-50 and 3000 seeds for the
environment {[1, 1, 1, 1, 1], [0, 0, 0, 0, 0]} in the models with and without timing. The standard
deviations are given in parentheses and are calculated using the average values per seed, since
the individual values per seed are correlated

and the average number of trades decrease, whereas the average price volatility
increases. All these comparisons are significant at a significance level of 1%.
Result 3 Under the IEL-algorithm, allowing traders to learn their preferred
submission moment has a negative effect on the market allocation and informational efficiency.
The extra freedom agents have in the model with timing, gives them actually
more opportunities to seek a higher profit. For example, if there is a conservative buyer on the market, any seller can adjust the moment of submission
to be most likely to trade against that buyer, and also submit an aggressive
offer to take advantage and extract a higher profit. This strategy is certainly
not foolproof, because both sellers and buyers learn constantly. Even if such
a strategy can indeed yield a higher profit, it may come at a cost of having a
lower probability of trading. Under IEL, such experimentation would pass the
reproduction stage and could hurt the overall market efficiency.

5 Effects of size of the market
In this section we study robustness of our results to the number of traders in
the symmetric environment. The effects of asymmetry of the environment is
analyzed in Appendix. Our conclusion will be that despite some qualitative
changes in the shape of the offer functions, Result 1 holds for the environment
with competition between intramarginal traders. Results 2 and 3 are also extended to the other environments. The size and composition of the market
still matters, however, for efficiency and the distribution of the submission
moments.
In Fig. 4 we show the distribution of submission moments and the average
offer per submission moment for different numbers of traders. Arranged from
top to bottom, the results are given for the cases of 1, 3, 4, 10 and 50 traders on
either side of the market. We compare the results with Fig. 2 for the benchmark
with 5 traders on either side.
In light of the timing trade-off discussed before, the submission moment
has opposite effects on the two components of total profit: the probability of
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Fig. 4 Distribution of the submission moments (left) and offers (bids and asks) as functions
of the submission moment (right), in the symmetric environment with 1, 3, 4, 10 and 50
traders on either side of the market.
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trading and the expected profit from a transaction. It is intuitive that in thin
markets the former effect has a larger impact than the latter, and it is the
opposite in large markets. Indeed, in an extreme case of a market with only
one buyer and one seller (see the top panel of Fig. 4), the submission moment
does not affect the probability of trading. There, each trader would prefer to
submit at the last possible moment, since submitting second results in a trade
at the price of the other trader. On the other extreme, in an infinitely large
market, the probability that the transaction price equals the own offer is one
half. Therefore it is optimal to submit at the first possible moment when the
probability of trading is maximised.
Simulations in Fig. 4 support the conclusion that the larger the size of the
market is, the earlier traders prefer to arrive. The simulations suggest that the
peak of the distribution will converge to n = 0 as the size of the market converges to infinity. It turns out that the environment we discussed in Section 4
is an intermediate case, where both effects are comparably strong. Looking at
the offer functions in Fig. 4 we conclude that Result 1 holds irrespectively of
the size of the market.20
Table 2 shows the effect of the size of the symmetric market on allocative
efficiency, price volatility and the number of transactions. Except for the environment with one buyer and one seller, the allocative efficiency and number
of transactions does not change significantly with the market size at 1% significance level. However, we can still observe that the number of transactions
(and therefore allocative efficiency) slowly increases. This is consistent with
the shape of offer functions in the right panels of Fig. 4. When the market
gets larger, the offers are, generally, less aggressive (e.g., the offer curves of
buyers and sellers intersect earlier and earlier). Therefore, there will be more
trades and less inefficiencies. The price volatility is decreasing, which is expected as the deviation in individual transaction prices is averaged out with a
larger market size.
20 As the size of the market increases, the offer becomes less aggressive for a given submission moment. The offers at the most frequently chosen submission moments are similar.

Traders per side
Efficiency
Price volatility
Number of trades

1
0.9838
(0.0126)
0.0664
(0.0653)
0.9838
(0.0126)

3
0.8541
(0.0195)
0.0351
(0.0179)
2.5622
(0.0586)

4
0.8569
(0.0182)
0.0258
(0.0133)
3.4275
(0.0729)

5
0.8567
(0.0171)
0.0208
(0.0101)
4.2837
(0.0861)

10
0.8609
(0.0139)
0.0128
(0.0060)
8.6086
(0.1391)

50
0.8702
(0.0134)
0.0070
(0.0036)
43.5106
(0.7177)

Table 2 Averages of different characteristics over periods 41-50 and 3000 seeds for the
benchmark environment with 1, 3, 4, 5, 10 and 50 traders on either side of the market. The
standard deviations are in parentheses and are calculated using the average value per seed,
since the individual values per seed are correlated. All the comparisons are significant at a
level of 0.01%
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6 Multi-period IEL-algorithm
We have shown that the decisions about the timing matter in the CDA under the traditional IEL-algorithm. Despite a possibility that with a multidimensional decision agents may find difficulty to learn, Result 2 is puzzling.
We found there that traders decide to submit in the middle of the period,
even though this yields the lowest expected profit. In this section we extend
the IEL-algorithm to allow traders to compare possible strategies on the basis of their hypothetical foregone payoffs over multiple previous periods. This
might give a better chance to select the strategies with frequent zero but higher
expected payoffs.
The submission moment distribution in the market with 5 and 10 traders
on either side are shown in Fig. 5. The difference with respect to simulations
shown in Fig. 2 is only in the calculations of hypothetical payoffs of IEL.
Agents are assumed to remember 2 last periods, and the hypothetical payoff
of every strategy is computed as the mean of the payoff that this strategy
would generate in both the previous period and the second-last period. When
calculating their payoffs, agents assume that the behaviour of other traders in
a given period is exactly the same as it was in that period.
Multi-period IEL results in a slight alteration of the above results, in the
sense that traders’s submission moment distribution shifts to the right, i.e.,
traders submit later. At the same time, the effect of the size of the market is the
same. These effects come indirectly from the increased efficiency in the market.
Indeed, in the one-period learning model, traders’ hypothetical calculation may
often lead them to accept mutations with rather aggressive strategies and this
behaviour will result in no trade. For instance, for a buyer who arrived before
the trading partner whose ask is zero, the IEL gives the highest hypothetical
foregone payoff to submitting a bid of zero next time. But if this strategy
would be chosen, it will likely not result in a trade, as the trading partner could
meanwhile increase her ask. When considering multiple periods such mutations
from equilibrium strategies could occur less often, as the trader would look at
the performance of the mutated startegy on several past periods with more
variability in the behaviour of others. Thus, the probability of trading in multiperiod IEL will increase and the pressure to submit earlier decreases. Of course,
the traders that submit an aggressive offer do so at the very start of the period,
as for them the probability of trading is still very important.
We have simulated the model with up to five periods memory, and find
that traders submit later and later in the same market when they take more
historical periods into account. On the other hand, the effect of market size
still holds: when keeping the memory constant, the submission moments moves
to the earlier moments as the size of the market increases. In relatively small
markets traders are attempting to obtain a high profit by submitting late and
in larger markets traders submit early in order to increase the probability
of trading. Also, as the size of the market increases agents offers for a given
moment are less aggressive.
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Fig. 5 Distribution of learned submission moments(left) and offers (bids and asks) as functions of the submission moment (right) in the benchmark environment with 5 resp. 10 traders
on either side, for the extended IEL-algorithm in which strategies are compared on the basis
of their unweighted average hypothetical payoff over the previous two periods. Compared
to the one-period learning algorithm traders submit their offers later, but as the size of the
market increases the submission moment still converges to n = 0

7 Concluding Remarks
In the Continuous Double Auction the timing of order submission plays an important role. Keeping the offer constant, submitting it at the end of the trading
period may yield a lower probability of trading but higher profit from trade,
than when the offer is submitted in the beginning of the period. However, by
and large, the issue of timing has been neglected in the literature.
In this paper we introduce learning about timing in the standard model
of Individual Evolutionary Learning. Considering one of the most simple environments, a symmetric market with an equal number of identical buyers
and identical sellers, all of whom would trade in competitive equilibrium, we
find that the traders do not learn to submit at uniformly random times as
many models just assume. At the same time their offers do not have constant
markups and markdowns during the trading session. Instead, the equilibrium
to which IEL converges is characterised by a decrease in aggressiveness of the
offers (over the trading session) and a uni-modal distribution of the submission
moments, whose peak moves from late to early as the market size increases.
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We also find that the allocative and informational efficiency of the market
changes as traders are allowed to learn about their timing. In fact, the efficiency
would go down with respect to the case with uniformly random timing. This
is a result of experimentation in extra dimension of agents whose individual
learning is based on the past and does not take into account that other traders
are learning as well.
An intriguing result of this paper is that the IEL selects an equilibrium
which is hard to reconcile with individual profit maximisation. The expected
profit at the moment of trading session when most of the traders submit is
not the highest but rather lowest. We have generalised the IEL model to allow
traders to take more past experience into account when making their decisions.
The longer memory comes at a higher cognitive cost but cannot fully reconcile
the discrepancy between aggregate learning outcome and individual profit.
The choice of our environment was motivated by its extreme symmetry in
both sides of the market. If in the symmetric market the outcome of learning
is not symmetric with non-uniform distribution of submission moments and
non-constant offer functions, timing is indeed important. Further work should
show how learning about timing would affect asymmetric markets. Appendix
of this paper provides a first step in this direction.
It would also be interesting to compare the results that this paper generates
through simulations with a behaviour of human subjects in the experimental
environment. Arifovic and Ledyard (2011) show that IEL is quite successful in
replicating experimental results for call markets. The CDA markets are much
more complicated and traders’ strategies are necessary multi-dimensional. We
showed that introducing extra dimensionality in timing may already change
the results in terms of behaviour and market efficiency. Further analysis may
also look at other natural generalizations, such as possibility to submit multiple
orders and cancel them.

Appendix
In this Appendix we consider the GS-environment (see the right panel of
Fig. 1) to illustrate the outcome of IEL in an asymmetric market setup. We
fix the number of traders (one seller and five buyers of which only one is intramarginal) and study how the valuation of the extramarginal traders, β, affects
the outcome.21
As before we focus on the distribution of the submission moments and on
the offer functions. Fig. 6 displays the results for different values of β. We show
the seller’s behaviour (dashed line), the intramarginal buyer’s behaviour (solid
line) and an average of the extramarginal buyers’ behaviour (dotted line).
We find that the seller uses her market power only in the timing of the
submission but not in the size of the offer. Indeed, the average ask is close to
21 Anufriev et al. (2013) show that the efficiency under the IEL-algorithm (with random
timing) is significantly larger than under Zero Intelligent behaviour studied in Gode and
Sunder (1997) and is close to 1.
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the mid point of the interval of equilibrium prices. At the same time, the seller
submits her offer as late as possible to trade at the best bid submitted by the
buyers. Under such behaviour the size of the ask does not matter, provided
that it is sufficiently low to attract at least one buyer. The intramarginal buyer
faces more competition but mostly through offers. With a late submitting
seller, he is forced to trade earlier than the seller, to make sure he only has to
submit a high enough order to outbid the extramarginal buyers. As β increases,
the competition between the intramarginal and extramarginal buyers places
a higher weight on the probability to trade. Thus, the intramarginal buyer
prefers to come earlier than the extramarginals. This, in turn, weakens the
seller’s incentives to submit late.
Next, we compare efficiency of the markets for different β’s and with the
efficiency in the IEL model without timing of Anufriev et al. (2013). The
three panels of Fig. 7 show average efficiency, the number of trades and price
volatility as a function of β. We note that the allocative efficiency function has
a U-shape. When β is low, the intramarginal buyer faces almost no competition
and hence can be quite aggressive. Both intramarginals are now aggressive
similar to the model without timing, but they now have two decisions in which
they can be (too) aggressive, leading to a lower efficiency. When β is high, the
intramarginal buyer faces a lot of competition, and is forced to arrive early
and submit a conservative bid to outcompete the extramarginals. Hence the
probability of trade increases, but efficiency can still be low if an extramarginal
buyer is trading. Intermediate values of β correspond to the lowest possible
efficiency. The number of trades is increasing and the volatility is decreasing
in β. In the model without timing, the seller cannot optimise his profit solely
by arriving last and therefore attempts this by submitting an aggressive offer,
which leads to a lower efficiency for large values of β when both intramarginals
are (too) aggressive. Comparing with the model without learning about timing,
we find a lower efficiency, a lower number of trades and a higher price volatility
for the case of low β and the opposite for larger values of β.
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